
Formal Methods in Computer-Aided Design 2026

Trimming Pseudo-Boolean Proofs
Berhan Oumer Adame

Vrije Universiteit Brussel, Belgium
Arba Minch University, Ethiopia
berhan.oumer.adame@vub.be

Bart Bogaerts
KU Leuven, Belgium

Vrije Universiteit Brussel, Belgium
bart.bogaerts@kuleuven.be

Benjamin Bogø
University of Copenhagen, Denmark

Lund University, Sweden
bebo@di.ku.dk

Simon Dold
University of Basel, Switzerland

simon.dold@unibas.ch

Arthur Gontier
University of Glasgow, United Kingdom
arthur.gontier@glasgow.ac.uk

Wietze Koops
Lund University, Sweden

University of Copenhagen, Denmark
wietze.koops@cs.lth.se

Ciaran McCreesh
University of Glasgow, United Kingdom
ciaran.mccreesh@glasgow.ac.uk

Matthew J. McIlree
University of Glasgow, United Kingdom
m.mcilree.1@research.gla.ac.uk

Jakob Nordström
University of Copenhagen, Denmark

Lund University, Sweden
jn@di.ku.dk

Andy Oertel
Lund University, Sweden

University of Copenhagen, Denmark
andy.oertel@cs.lth.se

Adrian Rebola-Pardo
Vienna University of Technology, Austria
Johannes Kepler University Linz, Austria

adrian.rebola@tuwien.ac.at

Mark Turnbull
University of Glasgow, United Kingdom
mark.turnbull@glasgow.ac.uk

Abstract—Modern combinatorial solvers are very efficient but
also highly complex and therefore error-prone. The most success-
ful approach to ensure correctness—proof logging—is now the
accepted standard for Boolean satisfiability (SAT) solving, where
proof trimming is an additional crucial technique to reduce proof
size and proof checking time. However, efficient proof logging has
remained a challenge for richer combinatorial paradigms, and
trimming has not been supported for the more complex proof
logging systems used. In this work, we present a proof trimmer
covering the full VERIPB proof format, bringing the advantages
of trimming to a wide range of paradigms such as MaxSAT,
pseudo-Boolean optimisation, subgraph solving, and constraint
programming. Our experimental evaluation demonstrates that
including proof trimming in the pipeline leads to overall reduc-
tions of proof size by a factor of 6.37 and of total proof checking
time (including formally verified checking with CAKEPB) by a
factor of 1.81.
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I. INTRODUCTION

Over the last decades, combinatorial optimisation has be-
come an increasingly important tool both in industry and sci-
entific research, where it is used, e.g., to control factories [33],
[59], [74], manage workforce allocation and scheduling [15],
[70], direct air traffic [4], support hardware and software
development [2], [13], [14], design medical treatment [60],
and even to prove theorems in pure mathematics [48], [53],
[84]. These applications draw on a range of combinato-
rial solving paradigms such as Boolean satisfiability (SAT)
solving, SAT-based optimisation (MaxSAT), pseudo-Boolean
optimisation, graph solving, constraint programming (CP),
and mixed-integer programming (MIP). Although performance
improvements in combinatorial solving since the turn of the
millennium have been nothing short of astonishing, this has
come at the cost of a steep increase in the complexity of the
software tools. As a result, even mature solvers are known
to be buggy, sometimes erroneously claiming infeasibility
or optimality, or returning “solutions” that fail to satisfy all
constraints [3], [21], [35], [36], [64], [86].

The SAT community has tackled this problem very suc-
cessfully by making solvers certifying [62], meaning that they
use proof logging to output machine-verifiable certificates that
their answers are valid. Two key concerns in this process are
efficiency and correctness. In order to be practically useful,
proof logging should incur minimal overhead. In DRAT [46],
[47], [91], the de facto standard proof format for SAT solving,
this is achieved by making the proof consist simply of the
sequence of clausal constraints inferred by the solver, without
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details of how precisely they were obtained. However, this
makes the task of validating the proof more difficult. In order
to achieve formally verified results, proof checking is therefore
typically performed in two passes:

• First, an efficient but unverified proof checker elaborates
the proof, filling in all details on how the clauses can be
derived so that no search is needed.

• Second, a formally verified proof checker goes over the
more explicit, elaborated, proof and validates all proof
steps.

In this way, SAT proof checking provides extremely strong
correctness guarantees [23], [24], [57], [85]. An important
way of increasing efficiency further is to elaborate only the
part of the proof that is actually needed to reach the final
verdict (which for SAT proof logging is that the formula is
unsatisfiable) and trim away the rest of the proof [46]. At a
high level, the checker does so by starting at the end of the
proof, marking the constraints that were used in the final step
to derive the verdict. The checker then reads the proof back-
wards. Any unmarked constraint has not been used to reach the
final conclusion and can be removed, but marked constraints
need to be kept. Moreover, for each marked constraint, the
checker needs to determine a set of previous constraints that
can be used to derive it, recursively marking these as well.
This process yields a (usually much) shorter trimmed proof,
speeding up the formally verified proof checking (though in
order to be efficient, trimming is a heuristic procedure, and so
there are no guarantees that the trimmed proof is minimal).

In addition to improving the performance of proof checking,
reducing proof size can be beneficial when proofs are to be
stored for auditing at a later date [8], [78]. Proof logging
combined with trimming also provides new possibilities for
in-depth scientific analysis of algorithms [55], [80], [83] by
helping to identify which inference techniques and heuristics
contribute to solver success on particular instances. Further-
more, trimming can extract smaller unsatisfiable subformulas
of a formula, so-called UNSAT cores [9], [26], and also gen-
erate smaller explanations for why a solution is optimal [16].

Progress on proof logging in settings beyond SAT solving
has been much more limited, but this has changed in recent
years with the introduction of pseudo-Boolean proof logging
with VERIPB [6], [17], [37], [43], [66] using 0–1 integer linear
inequalities. Somewhat surprisingly, this proof language has
turned out to provide a uniform method of certifying correct-
ness for a broad range of combinatorial solving paradigms
including MaxSAT [10], [11], [49], [88], [89], pseudo-Boolean
solving and optimisation [38], [50], [56], graph solving [30],
[39]–[41], constraint programming [31], [42], [67]–[69], and
automated planning [29], and to also support advanced SAT
reasoning techniques [6], [17], [43] and dynamic program-
ming and decision diagrams [25] as well as settings such as
model enumeration [63] and multi-objective optimisation [51],
[52]. However, proof logging and checking overheads have
generally been unacceptably large. In particular, proper tools
for proof trimming have been missing—while some work has

been done in the limited setting of implicational pseudo-
Boolean proofs [12], [71], there has been no support for the
full range of stronger reasoning rules in pseudo-Boolean proof
logging (such as the strengthening rules used for without-loss-
of-generality arguments) that make the proof trimming task
highly nontrivial.

In this work, we design, implement, and evaluate proof
trimming methods for VERIPB, which immediately makes
proof trimming available for all the combinatorial solving
paradigms just listed, not only to achieve faster proof checking
but also for other applications as explained above.

The fact that VERIPB proof logging is used by many differ-
ent types of combinatorial solvers makes it quite challenging
to design a general-purpose trimmer. The proof rules allow
constraints to be derived by a mix of explicit and implicit
derivations. Some rules, such as cutting planes derivations [22]
in reverse Polish notation derive constraints by listing an
explicit sequence of syntactic operations on previously derived
constraints, but do not specify what the derived constraint
looks like (since this is clear from the operations performed,
and since omitting the description of the final constraint
significantly reduces proof size). However, just as for the
DRAT proof format there are also more implicit rules such as
reverse unit propagation (RUP) [31], [44], [87] for claiming
“obvious” constraints without justification. In order for the
proof checker to be able to reconstruct explicit derivations of
such constraints inferred by implicit rules, it needs to know
exactly which constraints are currently in the database. But if
the proof is being read backwards while trimming, it is not
possible to infer the syntactic form of constraints derived by
reverse Polish notation lines. Note that this problem does not
occur in SAT proof formats such as DRAT and LRAT, where
all derived constraints are listed explicitly.

An even trickier case is reasoning by strengthening as men-
tioned above, which allows adding a non-implied constraint C
to a formula F through a without-loss-of-generality argument.
For instance, if F encodes a graph colouring problem, then
strengthening can add a constraint C forcing, without loss of
generality, some specific vertex v to be coloured red. Clearly
some care is needed here: once we have derived C, we
cannot repeat the same argument to derive that v can also
be coloured green without loss of generality. To maintain
soundness, strengthening steps in VERIPB induce a proof
obligation for every currently available constraint C ′ (from
the formula F or previously inferred and not deleted). To fulfil
this proof obligation, it is necessary to show that inferring C
is consistent with satisfying C ′ as well. These considerations
lead to several new challenges.

First, in order to parse and check proof logging rules back-
wards, the full context (consisting of the constraints derived
so far) needs to be known. Our solution is to introduce a
decoration phase, which is a lightweight forward pass that
adds sufficient information to the proof to enable backward
trimming. However, decoration cannot be done too eagerly,
because some solvers will write lots of proof steps with an
explicit derivation of a large constraint immediately followed



by an implicit simplification to a much smaller constraint. We
therefore need to decorate lazily in order for the intermediate
constraints not to blow up the proof size.

A second challenge is related to the phenomenon of interfer-
ence [45], namely that non-implicational inference rules such
as strengthening behave non-monotonically. Each previously
derived constraint still in the database can potentially interfere
with the application of a strengthening step in that it imposes
a proof obligation. However, during a backward trimming
pass over the proof, the checker does not yet know which
constraints will ultimately be included in the final trimmed
proof. It is therefore not possible to know which proof
obligations must be checked. A potential solution is to check
proof obligations for marked constraints, and then mark all
constraints used for showing these obligations, repeating this
process until a fixpoint is reached [75]. The idea would be that
all constraints not marked by this fixpoint process could safely
be deleted right before the derivation of C without affecting
any parts of the proof that come later. However, the problem
turns out to be more complex, as discussed further below, and
implementing a correct solution is far from trivial.

Deletion steps are another source of difficulty. In SAT
proof formats such as DRAT and LRAT, erasing previously
derived constraints is always possible without restriction,
since such proofs are only used to establish unsatisfiability.
However, VERIPB proofs can also be used for optimisation
problems with upper and lower bounds, and even for satisfiable
instances, and in such settings deletion steps have to be
carefully managed. In addition, VERIPB has stronger proof
rules (such as the dominance-based strengthening rule [17]
and strengthening-to-core mode [11]) that impose additional
restrictions on deletions. This means that when trimming
proofs, deletion steps cannot be moved around or inserted
arbitrarily. To overcome all of these technical challenges, we
introduce a novel proof trimming technique with conditional
markings. This means that we keep more fine-grained control
on which constraints need to be included in the final trimmed
proof based on dependencies on other constraints, where these
other constraints might or might not become marked later
during the backward trimming pass.

Our proof trimming algorithm consists of three passes.
At a high level, the first decoration pass adds information
that is implicit in the proof but needs to be made explicit.
In the second backward trimming pass, we mark constraints
(conditionally and unconditionally) to identify which parts
must be retained or can be trimmed away. A third and final
compaction pass performs the actual trimming of constraints
and prints the trimmed proof, eliminating book-keeping details
that are no longer needed.

We have implemented our trimming method on top of
the most recent version of VERIPB [90] and have run ex-
tensive experiments on SAT solving with symmetry break-
ing, MaxSAT solving, pseudo-Boolean optimisation, subgraph
solving, and constraint programming. Algorithms in these
different combinatorial solving paradigms can produce proofs
with widely differing properties, and our results vary for dif-

ferent types of problems. However, overall we see significant
reductions across these applications for proof size and proof
checking time (including for the formally verified backend
CAKEPB), which shows that our proof trimming method is
viable for pseudo-Boolean proof logging in general.

The rest of this paper is organised as follows. After describ-
ing the VERIPB proof system in Section II, we explain our
trimming method in Section III. Section IV delves into con-
ditional markings, and Section V discusses other design deci-
sions and implementation details. Experimental results are pre-
sented in Section VI, after which we conclude in Section VII.

II. PRELIMINARIES

We start by reviewing pseudo-Boolean reasoning and the
VERIPB system, referring to [6], [17], [18] for more details.

We use x to denote Boolean ({0, 1}-valued) variables and
write x = 1 − x for negation. A literal ℓ is a variable or
its negation (where we also define x = x for convenience).
A pseudo-Boolean (PB) constraint C is a 0–1 integer linear
inequality

∑︁
i aiℓi ≥ A, which we can assume without loss

of generality to be in normalised form with all literals over
distinct variables and coefficients ai and right-hand side A
non-negative. A pseudo-Boolean formula is a conjunction or
a set of PB constraints, whichever view is more convenient.
The negation ¬C of a constraint C =

∑︁
i aiℓi ≥ A written in

normalised form is
∑︁

i aiℓi ≥
∑︁

i ai −A+ 1.
A (partial) assignment α is a (partial) function mapping

variables to {0, 1}. We extend assignments to literals by
α(x) = 1 − α(x), respecting the meaning of negation, and
sometimes write α(ℓ) = ∗ when ℓ is not in the domain
of α. For a constraint C =

∑︁
i aiℓi ≥ A, we write C↾α

for the constraint obtained from C by substituting literals ℓ
in the domain of α by α(ℓ) and simplifying. The constraint
C is satisfied by α if

∑︁
α(ℓi)=1 ai ≥ A (assuming normalised

form) and a formula F is satisfied if all its constraints are, in
which case α is a solution to F . We say that F implies C,
denoted by F |= C, if all assignments that satisfy F also
satisfy C, and for formulas we write F |= F ′ if F |= C
for all C ∈ F ′. The slack of C =

∑︁
i aiℓi ≥ A under α,

defined as slack(C;α) =
∑︁

α(ℓi)∈{1,∗} ai−A, is non-negative
if and only if C is satisfied by α or some extension of α.
The constraint C is falsified by α if slack(C;α) < 0.
Otherwise, if slack(C;α) < ai for some term aiℓi in C, and
α(ℓi) = ∗, we say that C unit propagates ℓi to true under α
(since falsifying ℓi would also falsify C). Substitutions ω map
variables to {0, 1} or literals; they are extended to literals by
respecting negation, and C↾ω denotes C with literals ℓ in the
domain of ω replaced by ω(ℓ).

A VERIPB proof for the decision problem for a pseudo-
Boolean formula F maintains a proof configuration (C,D),
consisting of a pair of sets of core constraints C and derived
constraints D.1 The configuration is initialised to (F , ∅) with

1For simplicity of exposition, we ignore here optimisation problems and
so-called dominance-based strengthening, since that would require a more
elaborate proof configuration. However, the trimming techniques presented in
Sections III and IV are fully sufficient to also deal with objective functions
and dominance, and our trimmer is able to do so as discussed in Section V-B.



the input formula in the core set and the derived set empty.
The proof system rules are used to modify the core and derived
sets by adding and removing constraints, with new constraints
receiving consecutive positive integers as constraint IDs, until
the proof is concluded by either a solution or a configuration
containing contradiction 0 ≥ 1.

VERIPB proofs can switch between regular and
strengthening-to-core mode, with the latter maintaining
the invariant C |= D that all constraints in the derived set D
are implied by the core set C (which makes the effect of the
proof rules slightly different between the two modes). Below,
we try to describe enough of the VERIPB rules to provide an
understanding of what tasks need to be solved during proof
trimming.
Implied constraints. Constraints C semantically implied by

C ∪ D can be added to D using the following two rules:
pol. Provide a cutting planes derivation [22] of C from

C ∪ D in reverse Polish notation by applying scalar
multiplication, division, addition, and similar syntactic
rules on constraints identified by their constraint IDs.

rup. Ask the checker to verify C ∪ D |= C by performing
reverse unit propagation (RUP) [31], unit propagating
iteratively on C ∪ D ∪ {¬C} and extending the truth
value assignment with all propagated literals until a
conflict is reached in the form of a falsified constraint.

Switching mode. Turning off strengthening-to-core mode is
always allowed, but turning it on requires D to be empty.

Moving constraints. Constraints can be moved from the de-
rived set D to the core set C, but not vice versa.

Redundance-based strengthening. A non-implied constraint
C can be inferred by explicitly specifying a witness
substitution ω together with a proof of the implication
C ∪ D ∪ {¬C} |= (C ∪ D ∪ {C})↾ω [19], [43]. The
constraints in (C ∪ D ∪ {C})↾ω are called proof obliga-
tions or proof goals, and require implicational subproofs
composed of, e.g., pol or rup steps, or should otherwise
follow by simple steps that can be automatically inferred
by the checker.
• In regular mode, C is then added to D.
• In strengthening-to-core mode, C is added to C; in

this case, proving C ∪ D ∪ {¬C} |= (C ∪ {C})↾ω is
sufficient, since D↾ω is then implied by C↾ω .

Example II.1. To demonstrate the power of the strengthening
rule, let us illustrate how it can be used to break symmetries.
For example, for C ∪ D = {x1 + x2 ≥ 1, x1 + x2 ≥ 1}
we can use strengthening to infer x1 ≥ 1 with the witness
ω = {x1 ↦→ x2, x2 ↦→ x1} swapping x1 and x2. This is so
since (C ∪ D)↾ω = C ∪ D and (x1 ≥ 1)↾ω = x2 ≥ 1 follows
by adding ¬(x1 ≥ 1) = x1 ≥ 1 and x1 + x2 ≥ 1 (and
all these proof goals would be automatically inferred by the
checker). Note, however, that if we continue by attempting to
also derive x2 ≥ 1 in an analogous fashion, then this fails
(as it should). Keeping track of whether all necessary proof
obligations can be derived for strengthening rules is a crucial
(and complicated) part of proof trimming.

Checked deletion. Deleting a constraint C from the derived
set D is always allowed, but deleting from the core set C
requires showing either C \ {C} |= C in strengthening-
to-core mode or that C can be rederived by redundance-
based strengthening from C \ {C} in regular mode.

Unchecked deletion. In regular mode, unchecked deletion of
any core constraint is allowed.

Checked deletion ensures that removing constraints can never
introduce spurious solutions, but any such guarantees are lost
with unchecked deletion since the whole input formula F can
just be erased. The reason for having stronger restrictions
on deletion in strengthening-to-core mode is that arbitrary
deletions from the core set would break the invariant C |= D.

III. TRIMMING VERIPB PROOFS

Our method to trim VERIPB proofs follows the three phases
described below.

Phase 1 (Decoration): The first phase is a forward pass
where we read the proof into memory and collect all infor-
mation required to process the proof backwards in the next
phase, including the constraint IDs for all derived constraints.
This phase guarantees that for each line in the proof, we
can reconstruct the proof configuration prior to this line from
the proof configuration after the line. Because no propagation
checks are performed, this phase is relatively cheap, but it
can run into memory issues for very large proofs. Section V
presents optimisations such as lazy evaluation of cutting planes
derivations that can alleviate problems with memory.

Phase 2 (Trimming): In this phase, a backward pass over
the proof marks all constraints that are necessary to refute the
input formula (for simplicity, we focus here on unsatisfiability
proofs—see Section V-B for a discussion of optimisation
proofs). The process starts by marking the final contradiction
in the proof. For every marked constraint, we identify its
antecedents, i.e., constraints sufficient to derive it, which then
become marked themselves. The process continues backwards
through the proof, skipping any unmarked constraints. At the
end of this process, the marked constraints constitute a valid
smaller proof. For each rule in the VERIPB proof system, we
identify the antecedents as follows:
pol. The cutting planes derivation explicitly lists the an-

tecedents, which become marked.
rup. If a rup line is provided with antecedents (also called

annotations or hints), those constraints become marked.
Otherwise, the antecedents are extracted through pseudo-
Boolean unit propagation and conflict analysis. Note that
PB propagation requires access to all the constraints in
the current configuration; this data was collected in the
decoration phase. In Section V-A2 we discuss optimisa-
tions of the RUP algorithm for trimming, which can lead
to smaller proofs and faster checking.

Deletions. Unchecked deletion of a constraint C is relocated
to immediately after the last use of C, i.e., right after
the line that marked C. In contrast, checked deletion
of C cannot obviously be moved, since the rederivation
of C by strengthening depends on the exact current proof



configuration, and so we leave such deletion steps in
place.

Redundance-based strengthening. We discuss how to deal
with strengthening in Section IV.
Phase 3 (Compaction): Finally the proof is cleaned

up, leaving only the marked constraints; the deletion rule
applications are shifted to their final locations; and constraint
IDs are updated (since they should be consecutive integers).

We remark that what is described above is not the only
possible approach. Nukala et al. [71] developed a trimmer for
VERIPB proofs that only supports the implicational subset
of the proof system. Their trimmer does not output a new
VERIPB proof, but a proof in an intermediate format designed
for translation into a clausal proof with a potential exponential
blow-up in size.

IV. TRIMMING STRENGTHENING RULES

Strengthening rules, such as redundance-based strength-
ening (Section II) and dominance-based strengthening [17],
introduce global dependencies that make trimming particularly
convoluted.

When a strengthening rule is used, each constraint in the
current configuration induces a proof obligation, and its corre-
sponding proof, a subproof, may use other available constraints
as antecedents. During the trimming phase, any marked proof
obligations will cause their corresponding antecedents in the
subproofs to be marked as well, and those newly marked an-
tecedent constraints in turn induce their own proof obligations.

To illustrate this with a toy example, assume that, during a
backward pass, the current set of constraints in the core set
is C = {C1, C2, . . . , Cm} and that the derived set D = ∅
is empty for simplicity. Assume also that the constraint Cm

has been marked as needed in the trimmed proof but that no
other constraint Ci for i < m is currently marked. Suppose
that in the current step Cm is inferred by redundance-based
strengthening with witness ω. This means that we have to
check that the proof obligations for strengthening can be met,
but we only need to do so for currently marked constraints.
When checking how to derive the proof obligation Cm↾ω , it
could happen that the subproof uses Cm−1 as a premise, which
means that Cm−1 needs to be marked. But then we also need
to check the subproof for the proof obligation Cm−1↾ω . The
subproof for this proof goal might happen to require Cm−2,
so that this constraint should also be marked and we need to
inspect the subproof for the proof obligation Cm−2↾ω . In this
way, backward trimming of subproofs for proof obligations in
strengthening steps can potentially cause a cascade of recursive
markings until a fixpoint is reached. After reaching fixpoint,
no further proof obligations need to be checked, because
constraints that remain unmarked after reaching a fixpoint can
either (i) not be included in the trimmed proof, and hence
cause no proof obligations, or (ii) be safely deleted before
the current proof step, since they are not needed later in the
proof. This marking process is described in detail for clausal
proofs in [75], where a more flexible strengthening rule is also
introduced that renders this fixpoint computation unnecessary.

In the context of VERIPB proofs, however, such an ap-
proach does not work. In regular mode with strengthening-to-
core switched off (as well as in DRAT and LRAT proofs), if
a constraint is no longer needed then it can just be deleted,
to ensure that it does not introduce proof obligations in later
steps in the proof. This means that during the backward
pass in regular mode we know exactly which constraints are
proof obligations for each strengthening step. However, in
strengthening-to-core mode, constraints can only be deleted
from the core set using checked deletion,2 which requires
an explicit justification. Hence, absent such a justification for
checked deletion of a core constraint C, the trimmer cannot
just insert a deletion of C in the proof. In strengthening-to-
core mode, therefore, it can only be known whether a core
constraint is a proof obligation for a strengthening step once
the backward pass has reached the location at which the proof
mode was switched to strengthening-to-core, before which
point unrestricted deletion is allowed.

This has severe implications for the marking process in
strengthening rules: core constraints left unmarked by the
fixpoint process described above may later be found to require
marking. This then requires marking every antecedent in the
subproof for the corresponding proof obligation, restarting the
fixpoint process.

To tackle this situation, we introduce a finer-grained mark-
ing mechanism, which we call conditional marking. Instead
of simply marking constraints, we collect marking conditions
of the form C1, . . . , Cn ⇒ C; these state that if all constraints
C1, . . . , Cn are marked, then C must be marked as well. To
trim a redundance rule deriving C through the witness ω while
in strengthening-to-core mode, we check C∪D∪{¬C} |= C ′↾ω
for every constraint C ′ ∈ C ∪ {C}, not just the marked ones.
From this check, which is justified by an implicational proof,
a set of antecedents can be extracted; each such antecedent C ′′

then contributes the marking condition C,C ′ ⇒ C ′′.

Example IV.1. Assume C contains the constraints C1 = a+
2x+3y ≥ 3 and C2 = b+2x+3y ≥ 3. Consider a redundance
rule that derives a constraint C using witness ω that swaps a
and b (i.e., ω = {a ↦→ b, b ↦→ a}). Then clearly C1↾ω = C2 and
C2↾ω = C1. This produces the marking conditions C,C2 ⇒
C1 and C,C1 ⇒ C2, i.e., if C is present in the final trimmed
proof, then either both of C1 and C2 should be included, or
neither of them should.

We extend the trimming process to deal with marking
conditions as follows.

• If a constraint C is conditionally marked through the
marking condition C1, . . . , Cn ⇒ C, and D is an an-
tecedent of C, we collect the marking condition C ⇒ D.

• Whenever all the left-hand side constraints to a mark-
ing condition C1, . . . , Cn ⇒ C become unconditionally
marked, we unconditionally mark C too. This process
propagates unconditional markings until fixpoint.

2There are other situations where deletion is restricted and where the same
problem arises; we come back to this in Section V-B1.



After the trimming phase, some conditionally marked con-
straints may remain unpropagated; these can all be safely
considered unmarked. By propagating unconditional markings
until fixpoint, any remaining conditionally marked constraints
can only have as conditions constraints that are either un-
necessary for the trimmed proof, or conditionally marked
themselves. Omitting such constraints results in a valid proof;
these are removed during the ensuing compaction phase.

Example IV.2 (Example IV.1 continued). Assume that at the
end of the trimming phase, C is unconditionally marked, but
neither C1 nor C2 is marked. As argued above, we can then
choose to either include both or neither of them in the final
proof; since our goal is to trim the proof, the latter is chosen.

As explained above, conditional marking is only needed in
contexts where deletion is restricted, like when strengthening-
to-core mode is enabled. Elsewhere, the fixpoint approach can
be used.

V. OPTIMISATIONS AND EXTENSIONS

In this section, we proceed to discuss trimming performance
optimisations, how to trim applications of the dominance rule,
and extensions to proofs for optimisation problems.

A. Optimisations of Proof Trimming Performance

The main optimisations included in our implementation of
pseudo-Boolean proof trimming are to avoid storing multiple
copies of the same constraint; to use prioritised propagation
for rup rule applications (similarly to what is done in DRAT-
TRIM [91]); and to improve the efficiency of checked deletion.
Further optimisations are primarily motivated by the need to
handle large proofs efficiently. We introduce what we call lazy
pol evaluation and a no-cache technique to bound memory
usage. We conclude the section by describing unchecked trim-
ming and the agnostic trimming mode, which trade correctness
checking for speed when a verified checker is used.

1) Multiple Copies of a Constraint: In a VERIPB proof,
it is possible to derive the same constraint multiple times
(with each new copy receiving its own identifier). This can
be convenient due to the interference phenomenon discussed
above. When applying strengthening rules, each constraint in
the proof configuration imposes additional proof obligations.
Therefore, it can be necessary to delete constraints in order
for strengthening steps to be valid. If such deleted constraints
are again needed later, they must be rederived.

However, in some solver-generated proofs, constraints are
sometimes rederived for no obvious purpose. This is typically
due to automated tooling that generates parts of the proof
without checking for duplicates. Our trimmer optimises such
proofs by ensuring that in any configuration encountered,
at most one copy of each constraint is present in the core
and the derived sets, respectively. If a proof derives two
contemporaneous copies of the same constraint, only the first
derivation is kept.

Algorithm 1 Prioritised Propagation
1: Input: D: constraint to be derived by RUP, F : current database, ρ: trail
2: M← Marked(F) ∪ {¬D}
3: while True do
4: if ∃C ∈M : slack(C; ρ) < 0
5: return CONFLICT ▷ Conflict with constraint in M
6: if ∃C ∈M, (a, ℓ) ∈ Terms(C) : a > slack(C; ρ) ∧ (ρ(ℓ) = ∗)
7: ρ.push(ℓ, C) ▷ Propagate literal from constraint in M
8: continue
9: if ∃C ∈ F : slack(C; ρ) < 0

10: return CONFLICT
11: if ∃C ∈ F , (a, ℓ) ∈ Terms(C) : a > slack(C; ρ) ∧ (ρ(ℓ) = ∗)
12: ρ.push(ℓ, C)
13: else
14: return FAILED

2) Prioritised Propagation: Ideally, trimmed VERIPB
proofs should only contain a minimal sequence of steps
necessary to reach the verdict stated in the final CONCLUSION
section of the proof (though, as mentioned in the introduction,
no theoretical guarantees can be provided in this regard for
efficiency reasons). Our trimmer tries to minimise the marking
of new constraints by using prioritised propagation. This
method extends the core-first propagation technique used in
clausal proofs [46] to the pseudo-Boolean setting. In this
approach, marked constraints and constraints from the input
formula are given precedence over unmarked ones in the
propagation phase during a reverse unit propagation check.
Consequently, new markings are only elicited when propaga-
tion using the currently marked constraints does not suffice
to reach a conflict. Algorithm 1 gives pseudocode for this
prioritised propagation. In this algorithm, lines 4–8 perform
conflict detection and propagation over marked constraints.
If this does not yield any new inferences, lines 9–12 search
for a conflict or single propagation step over an unmarked
constraint. Line 14 reports a failed RUP check if no further
propagation is possible.

Unit propagation collects propagated literals in a stack
called the trail. During the backward trimming pass, a large
prefix of the trail can often be preserved from one RUP
check to the next, and recomputing the trail from scratch can
be computationally expensive. Keeping the trail is sound as
long as all constraints propagating literals on the trail remain
marked in the constraint database. However, the interaction
between priority-sensitive propagation and trail reuse under
dynamic database modifications (e.g., constraint deletions or
changes in marking status) is nontrivial. In our current setting
we cannot guarantee that an unmarked constraint will never
propagate in a situation where a marked constraint could
have propagated instead. Ensuring both trail reuse and strict
adherence to priority order, similarly to the methods described
in [76] for clausal proofs, requires a more thorough formal
treatment, which we have to leave for future work.

3) Selective Checked Deletion: During VERIPB proof
checking, the default behaviour of the checker is to delete
constraints from the core set C using checked deletion until
this fails, at which point the checker switches to unchecked
deletion. Checked deletions can be computationally expensive,



and so are desirable to avoid whenever possible. Therefore,
the trimmer only performs checked deletions when the proof
state requires it, i.e., when a nontrivial order is loaded (see
Section V-B further below) or strengthening-to-core is en-
abled. Otherwise, the trimmer deletes constraints from C using
unchecked deletions. If a compulsory checked deletion fails,
the proof is rejected as invalid.

4) Techniques for Bounding Memory Usage: Optimising
the usage of memory during trimming is required because
VERIPB proofs exhibit two opposing structural phenomena.

• Compact proofs with massive constraint databases.
In contrast to SAT proofs, which list clauses explicitly,
VERIPB proofs may encode constraints compactly by
specifying the cutting planes derivations used to infer
them. This means that although the size of the origi-
nal proof can be moderate, it can become much larger
when the explicit constraints are written out during the
decoration phase. As a concrete example, we identified a
273 MB VERIPB proof instance generated by the GLAS-
GOWSUBGRAPHSOLVER [65] that resulted in a trimmer
memory usage of 50 GB due to the derived constraints.
Thus, even if proof logging has been implemented to
minimise disk usage, the memory footprint when gen-
erating explicit constraints during trimming can become
a significant bottleneck.

• Verbose proofs with small constraints. Conversely,
a cutting planes derivation in a single pol line may
involve many primitive instructions, ultimately producing
a very small constraint. For example, during preliminary
experiments we observed a constraint on 8 variables that
the SAT solver CADICAL [20] derived using 96,466
instructions. In such cases, memory pressure does not
stem from the constraint database itself, but rather from
storing and managing the parsed instruction sequences.

These two extremes require distinct optimisation strategies.
We address the first using lazy pol evaluation, and the second
using the no-cache strategy.

• Lazy pol evaluation: We store reverse Polish notation
pol steps in symbolic form, evaluating them only when
explicitly referenced by a marked step rather than when
they are first found. This bounds memory usage by the
size of the set of relevant constraints rather than the size
of the entire accumulated database.

• No-cache strategy: To handle verbose proofs, parsed pol
lines are discarded immediately after processing rather
than cached. Such lines are re-parsed on demand, min-
imising the memory footprint of the proof structure itself.

In order to execute certain VERIPB proof rules, the trimmer
needs to know not only about constraint IDs but also the exact
syntactic form of each (currently undeleted) constraint. In
particular, proof steps that force the trimmer to search over the
whole constraint database make the trimmer revert temporarily
to eager evaluation of pol steps (expanding all constraints
not yet deleted), which diminishes the performance benefits

of trimming. For the benefit of expert readers, we note that
the following constructs exhibit this behaviour:

• Implicit steps: rup steps without annotations/hints (and
that rely on not-yet-marked constraints derived through
pol steps), claims in the CONCLUSION section without
explicit constraint references, and missing subproofs pre-
vent the (effective) use of lazy pol evaluation.

• Deletion: To make it easier to translate SAT proofs
to the VERIPB proof format, there is a specification-
based deletion rule del spec that deletes a constraint
not by referring to the constraint ID but by giving
the syntactic form of the constraint. This is in conflict
with lazy pol evaluation, because trimmer knowledge
about the constraint database is inherently incomplete.
When the trimmer encounters such a line, this forces an
immediate evaluation of all pending symbolic pol lines
to reconstruct the full constraint database. Frequent use of
this feature degrades performance to be similar to when
eager evaluation is used.

5) Trimming Without Checking: In situations where the
trimmed proof will be checked using the formally verified
backend CAKEPB, validating the proof during trimming is
unnecessary to establish proof correctness. The unchecked
trimming mode allows the trimmer to skip semantic verifi-
cation, focusing solely on dependency analysis. Correctness
is left to the downstream verified checker CAKEPB, allowing
for significantly faster processing. Pushing the idea further, the
agnostic trimming mode bypasses the initial forward decora-
tion pass entirely, performing unchecked trimming in a strict
back-to-front manner. This mode imposes several restrictions
on input VERIPB proofs:

• The proof is treated as a stream of instructions to be
marked, relying entirely on explicit hints. Hence, input
proofs must consist solely of proof steps with fully
specified antecedents (e.g., pol and hinted rup steps).

• Complex derivation rules (such as strengthening rules or
solution logging rules) are not admissible.

• The only supported type of proofs are proofs of unsatis-
fiability.

• Since the trimmer lacks knowledge of the global con-
straint count during backward trimming, there are lim-
itations on features such as referencing constraints by
relative ID offsets rather than by absolute constraint IDs.

B. Extensions to More Advanced Proof Rules and Types
We now turn to a discussion of how the trimmer handles

the dominance-based strengthening rule, or just dominance for
brevity, and proofs for optimisation problems. These are two
of the most complex features of VERIPB.

More formally speaking, a VERIPB proof for a formula F
with objective function f can be represented as a sequence of
proof steps updating a proof configuration (C,D,O⪯, z⃗, f, v)
consisting of

• C and D, the sets of core and derived PB constraints;
• a PB formula O⪯ encoding a (possibly trivial) preorder

on assignments to an ordered set of literals z⃗;



• an objective function f together with the best value v
found for it so far.

We will need to refer to this more formal setting in what
follows.

1) Dominance: The dominance rule dom makes use of
an order specified by a pseudo-Boolean formula O⪯(u⃗, v⃗, a⃗)
over placeholder variable sets u⃗ = {u1, . . . , un} and v⃗ =
{v1, . . . , vn} of equal size together with an optional set of
auxiliary variables a⃗. If auxiliary variables are used, they come
with a specification S⪯, which is a second PB formula over
u⃗, v⃗, and a⃗; otherwise, no specification is required. For further
details, we refer to [5], [6], [17].

A PB constraint C can be derived from C∪D by dominance
if there exists a substitution ω such that both conditions

C ∪ D ∪ {¬C} ∪ S⪯(z⃗↾ω, z⃗, a⃗) |= C↾ω ∪ O⪯(z⃗↾ω, z⃗, a⃗)

∪{f↾ω ≤ f}
(1)

C ∪ D ∪ {¬C} ∪ S⪯(z⃗, z⃗↾ω, a⃗) ∪ O⪯(z⃗, z⃗↾ω, a⃗) |= ⊥ (2)

can be shown to hold. Here z⃗ denotes the set of literals to
which the order is applied (which is part of the configuration
above). Intuitively, the witness gives us a mechanism to patch
up any assignment that satisfies the current constraint database
but violates the constraint that we wish to infer. However, in
contrast to the redundance-based strengthening red rule, this
patching may require repeated applications of the witness to
reach a satisfying assignment. The order serves to guarantee
that this process will eventually terminate, and that the final
assignment will satisfy the derived constraint. For the full
details of this rule including formal proofs of correctness, the
reader is referred to [17].

To trim dominance rule applications, the subproof for each
proof goal on the right-hand sides of (1) and (2) is processed
using the conditional marking technique introduced in Sec-
tion IV. The list of conditions for each constraint C ′′ used in
such subproofs is updated as follows:

1) If C ′′ is used in the subproof for a proof obligation C ′↾ω
with C ′ ∈ C such that

C ∪ D ∪ {¬C} ∪ S⪯(z⃗↾ω, z⃗, a⃗) |= C ′↾ω

holds, then we add the condition C,C ′ ⇒ C ′′. This
case is analogous to the method used for trimming
redundance-based strengthening rules in Section IV.

2) If C ′′ is used in establishing any of the proof obligations

C ∪ D ∪ {¬C} ∪ S⪯(z⃗↾ω, z⃗, a⃗) |= O⪯(z⃗↾ω, z⃗, a⃗)

C ∪ D ∪ {¬C} ∪ S⪯(z⃗↾ω, z⃗, a⃗) |= {f↾ω ≤ f}
C ∪ D ∪ {¬C} ∪ S⪯(z⃗, z⃗↾ω, a⃗) ∪ O⪯(z⃗, z⃗↾ω, a⃗) |= ⊥

then we add the conditional marking C ⇒ C ′′. Unlike in
the former case, here the constraints in C do not appear
as proof goals, so only C is needed as a condition.

Dominance rules also give rise to additional proofs, on
top of the rule applications, in that any order used in a
dom rule must be defined through a dedicated proof section
that specifies the pseudo-Boolean formula encoding the order

and also includes subproofs showing that this formula yields
a transitive and reflexive relation; we refer the interested
reader to [6], [17]. Transitivity and reflexivity proofs use their
own, separate constraint database, so trimming these proofs of
order properties can be done independently of the backward
trimming pass. Our trimmer handles transitivity and reflexivity
proofs in order definitions during the compaction pass.

As noted in Section IV, the role of the compaction pass
extends beyond merely writing the final proof to file. Specif-
ically, this pass performs subproof checking and elaboration
(i.e., determining missing antecedents); it also trims residual
conditional markings and verifies and elaborates the order
definition. While reflexivity can be automatically proven by the
VERIPB checker if the proof does not specify a subproof for
this property, automatic proving of transitivity is not supported.

2) Optimisation and Objective Functions: VERIPB proofs
can also establish bounds on the optimal value of an objective
function f subject to the constraints in an input formula F .
In such proofs, one can log a solution to the formula F in
the proof to obtain a so-called solution-improving constraint
that enforces that the next solution found must yield a better
value than the incumbent. Additionally, to support solver
preprocessing techniques there are rules for modifying the
objective function, which require a proof that the new objective
evaluates to the same value as the old one for any solution
satisfying the constraint database. The trimmer must ensure
that the trimmed proof establishes the same bounds as the
original proof, which requires special handling of these rules.

a) Solution-Improving Constraints: The solution-
improving soli rule requires a specification of a solution α
satisfying the constraints in the database. After checking this
solution, a new solution-improving constraint f ≤ f↾α − 1
is added to the core set C. For proof trimming, the exact
syntactic form of this constraint must be inferred during the
decoration pass, so that it can be included in C at the start of
the backward trimming.

It is possible to specify the solution by a partial assign-
ment ρ in a soli step, provided that the full solution α can
be reconstructed from ρ by unit propagation over the current
constraint database. To be able to determine the exact form of
the solution-improving constraints during the decoration phase
(in which no unit propagation is performed), we require that
proofs to be trimmed should satisfy one of the following two
conditions:3

1) Each soli line is followed by a so-called equals or
e line that specifies the explicit form of the solution-
improving constraint just added. The e rule has no effect
on the proof state, but is a convenience rule used to check
that a specific constraint ID refers to a specific syntactic
constraint as specified in the rule application. This can
be useful for communicating information to the trimmer,
which might not have access to the full proof state.

3In all proof logging applications we are aware of, these conditions are
either already satisfied by the produced proofs, or are easy to satisfy by slightly
modifying the proof logging.



2) The assignment in each soli line is a complete assign-
ment over the objective variables.

If the soli line is not followed by an e line, the trimmer
assumes that condition 2 applies. If this assumption is violated,
the proof is rejected.

For each checked soli line with an ensuing e line, the
backward trimmer reconstructs the full assignment α obtained
by propagation starting from ρ, so that the soli lines in the
final trimmed proof will specify a full assignment as required
by the formally verified backend checker CAKEPB.

b) Conclusion Proof Sections with Objective Bounds:
In VERIPB proofs of unsatisfiability, the final CONCLUSION
section of the proof specifies the constraint ID of a contra-
dictory constraint (such as 0 ≥ 1), which is used as the first
marked constraint in the backward trimming phase. Proofs for
optimisation problems instead state upper and lower bounds
on the objective function to be minimised and optionally a
solution witnessing the upper bound. For such proofs, the first
marked constraint will be the constraint specified as proof of
the lower bound on the objective. The upper bound is handled
as follows:

1) If the CONCLUSION section provides a solution to F ,
i.e., a (partial) assignment that satisfies all constraints
in F , the backward trimmer accepts the upper bound
and the compaction phase logs the full solution in the
CONCLUSION section of the trimmed proof.

2) Otherwise, a solution witnessing the upper bound must
be provided in the proof proper. This means that the
proof can only erase constraints by checked deletion
up to the point when a solution witnessing the upper
bound is logged with a soli step. This is sufficient since
checked deletion maintains equioptimality, i.e., that the
objective function has the same optimal value over the
current constraint database as over the input formula. As
a consequence of this, the backward trimmer will force
checked deletion to be used for all deletions that precede
the logging of the best solution. During the compaction
phase, it will also print the full solution (which is recon-
structed from the soli step) in the CONCLUSION section
of the trimmed proof.

Since the trimmer will guarantee that a full solution to the
original formula is specified in the CONCLUSION section at
the end of the proof, the trimmed proof is not required
to maintain equioptimality. This makes it possible to use
unchecked deletions, which improves proof checking speed.

c) Objective Function Updates: VERIPB offers two
rules obju diff and obju new to update the objective func-
tion from the current objective fcurr to a new objective fnew .
For both of these rules, it is required to demonstrate that this
change of objective does not change the optimal value of the
problem by deriving fcurr = fnew (in the form of the two
inequalities fnew ≥ fcurr and fcurr ≥ fnew ) from the core
set of constraints C. The difference between the two rules
is in how the new objective is specified: the obju new rule
lists the new objective function fnew explicitly, whereas the

obju diff rule states the difference fnew−fcurr , from which
the checker can infer fnew since it knows fcurr . The latter rule
is better if a large objective function is rewritten in many small
steps by adding or removing terms, since in such a scenario
it decreases proof size and increases checking speed.

In principle, we could trim objective update rule applica-
tions that are not needed in the final proof. However, if the
final upper bound is logged with a soli step adding the
constraint fnew ≤ fnew↾α−1, and if optimality is then proven
by using this solution-improving constraint, then the objective
update cannot be trimmed away. In practice, we do not try
to trim away objective update rule applications, because every
change from fcurr to fnew creates a dependency between the
old and new objective, and this quickly leads to a chain of
dependencies. If the final soli step makes use of the last
objective update, then this means we have to preserve the
entire sequence of objective function modifications.

VI. EXPERIMENTAL RESULTS

All the techniques described in this paper have been imple-
mented in Rust as a new mode of the existing VERIPB proof
checker [5], [90], submitted as an accompanying artefact [1].
The aim of our tool is to provide a fully featured trimmer
that can handle the full extent of rules and proof structures
supported by the VERIPB 3.0 proof format. To demonstrate
that we achieved this, and to evaluate the reductions in proof
size and proof checking time achieved by our trimmer, we
present results from computational experiments on a large
set of representative proofs. The proof files were obtained
by running six different combinatorial solvers from across
the spectrum of problem paradigms, all of which have been
designed or retrofitted with VERIPB proof logging. Wherever
possible, the input problem instances were taken from bench-
mark sets previously used in publications evaluating proof
logging performance for the respective solvers. Parameters for
proof production were chosen based on available disk space
and rate of proof writing for each solver. Specifically:

• The GLASGOWSUBGRAPHSOLVER (GSS) [65] with
proof logging added in [39], [41] was run on the LV
instances [58] from a standard set of subgraph isomor-
phism benchmarks [81], [82]. We restricted the number
of vertices to 260 in the target graph and set a time limit
of 100 s for GSS without proof generation.

• The GLASGOWCLIQUESOLVER (GSS-CLIQUE) is a sep-
arate solver included in the GSS repository, and we ran
this with clique instances from [39].

• The GLASGOWCONSTRAINTSOLVER (GCS) [42] was
run on the randomly generated instances from [67], [69].

• The PACOSE MaxSAT solver [72] with proof logging
added in [10] was run on instances from the MaxSAT
Evaluation 2023 [61] with a time limit of 1000 s.

• The ROUNDINGSAT pseudo-Boolean solver [27], [28],
[32], for which optimised proof logging was implemented
in [56], was run on instances from the Pseudo-Boolean
Competition 2024 [73] with a time limit of 300 s.



• A version KISSAT-SATSUMA of the KISSAT SAT
solver [54] extended with SATSUMA symmetry break-
ing [7] and required proof logging changes [6] was run
on unsatisfiable instances from the SAT Competition
2024 [79] with a time limit of 1000 s.

This resulted in a total of 2656 instance-proof file pairs,
using 2.7 TB of disk space. The benchmarks were highly
diverse in terms of generated proof size, from proofs consisting
of only a few lines to proofs larger than 80 GB. We are also
confident that the proofs together make use of almost all avail-
able VERIPB features, including strengthening-to-core mode,
dominance rule applications with orders, objective function
updates, proof steps with and without hints/annotations, and
different degrees of reliance on implicit derivations by rup or
explicit cutting planes derivations with pol.

For each instance we tested both our trimmer and the
forward-checking VERIPB elaborator, and then ran the
CAKEPB verified checker on the trimmed and elaborated
proofs, respectively. This is representative of a typical formally
verified proof checking workflow. Each run was performed
on a cluster of machines with dual AMD EPYC 7643 CPUs,
2 TB of RAM, local solid state drives, and Ubuntu 25.10 as
operating system. We limited the available RAM for each
process to 40 GiB.

We present in Figure 1 the result of plotting the total
time of elaboration + CAKEPB checking against trimming
+ CAKEPB checking. A plot of proof size comparisons is
then shown in Figure 2 and average ratios for each solver are
given in Table I. To avoid giving an unfairly positive view of
the achievements of our trimmer, there are several instances
that were excluded from the table. The excluded instances are:

• 54 instances where the trimming pipeline finished, but
the elaboration pipeline timed out,

• 182 proofs with a conclusion SAT or NONE (where proof
trimming would remove the whole proof),

• 166 proofs with open bounds from incomplete solver runs
(where much of the proofs could be discarded).

The latter two categories are also excluded from the plots.
Our results show that trimming instead of just elaborating

proofs can consistently improve checking time by an average
factor of 1.81 and reduce proof size by an average factor
of 6.37. Some solvers benefit more from trimming than
others. For example, proofs for clique problems are nearly
unchanged in size after trimming. In contrast, ROUNDINGSAT
and GLASGOWCONSTRAINTSOLVER proofs shrink by factors
of 11.1 and 17.1, respectively, suggesting that pseudo-Boolean
and constraint programming solvers tend to produce more
verbose proofs with lots of room for trimming.

A few proofs grow bigger after trimming—the number of
lines is smaller, but proof size is larger due to rup hints.
To illustrate how this can happen, assume that we have the
constraints xi + xi+1 ≥ 1 and xN + yi ≥ 1 for i = 1, . . . , N
in the database. Then the proof can infer x1 + xN ≥ 1 and
then derive N constraints x1 + yi ≥ 1 by RUP (which just
requires propagating on x1 + xN ≥ 1 and xN + yi ≥ 1).

Solver time1 time2 time3 size4

GSS 1.62 3.36 2.29 6.85
ROUNDINGSAT 1.39 2.70 2.02 11.12
PACOSE 0.95 2.73 1.59 4.22
KISSAT-SATSUMA 1.32 1.70 1.45 1.74
GCS 1.54 2.07 1.68 17.13
GSS-CLIQUE 1.00 1.01 1.01 1.11

all 1.27 2.57 1.81 6.37

TABLE I: 1-shifted geometric means: 1 Initial elabora-
tion / trimming time ratio. 2 CAKEPB verification time ra-
tio (elaborated / trimmed). 3 Total check time ratio (elabo-
rated / trimmed). 4 Proof size ratio (elaborated / trimmed).

Suppose now that these rup lines are without hints, and
that the constraint x1 + xN ≥ 1 is trimmed away. Then all
RUP checks still pass, but the N rup lines in the elaborated
proof will have N hints each (instead of 2 hints each, which
would be possible when elaborating without trimming). Such
phenomena were observed rarely in our experiments, which
indicates that reducing the number of proof lines is a good
heuristic for trimming in general, but it also raises the question
of what other approaches for trimming could be useful.

VII. CONCLUDING REMARKS

Although proof logging has long been a success story
for SAT solving, with proof formats and tools that allow
proof logging and checking with small overhead, progress on
certifying solvers for combinatorial solving paradigms beyond
SAT has been much more limited. This has started to change
in the last few years with the advent of pseudo-Boolean proof
logging using VERIPB, but the efficiency of generating and
validating such more expressive proofs has remained a serious
concern. In particular, no general method has been available
for trimming pseudo-Boolean proofs, whereas proof trimming
is crucial for efficient formally verified checking in SAT.

In this work, we present for the first time a proof trimming
tool for fully general pseudo-Boolean proofs in the VERIPB
proof logging system. Designing and implementing such a
tool involves a complex interplay between identifying as
many constraints as possible for removal and ensuring that
applications of the sophisticated strengthening and deletion
rules remain sound. In contrast to clausal SAT proofs, pseudo-
Boolean proof trimming requires several passes over the proof,
as well as more involved conditional marking of constraints for
which it can only be decided later whether they are necessary
to keep in the proof or not.

We evaluate our trimmer on proofs generated in a diverse
range of combinatorial solving paradigms, each involving dif-
ferent technical challenges, and demonstrate that our general
trimming method succeeds in significantly reducing VERIPB
proof size across the board. Even more importantly, trim-
ming also decreases the time required to (1) elaborate proofs
and then (2) validate them with the formally verified proof
checker CAKEPB.
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Fig. 1: Time comparison for trimming and elaboration
pipelines. The timeout lines represent those instances where
any stage of the respective pipeline of tools timed out.

We see many interesting directions for future work. In par-
ticular, since the task of marking constraints to be kept in the
proof is quite challenging, there is room for developing better
heuristics for proof steps where the checker needs to perform
propagations on the whole constraint database. One idea is to
prioritise constraints derived earlier in the proof, since they
have fewer potential antecedents. Another choice could be to
prefer constraints with explicit derivations (e.g., via pol or
hinted rup lines), where the information about which premise
constraints to mark is cheap to extract. Yet another option
could be to prioritise strength of constraints during the mark-
ing process (e.g., preferring strong cardinality constraints to
long, weak, disjunctive clauses). We would like to understand
better the interaction between different heuristics in terms
of proof size, trimming time, and checking time. This can
also shed more light on which classes of proofs benefit most
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Fig. 2: Proof size comparison for trimming and elaboration.

from trimming, and which optimisations are most effective.
Our current trimmer is optimised for trimming speed, but

for some applications (such as proof storage) one may want
to spend more time to extract even smaller proofs. This could
also be used to identify more precisely why a problem is
unsatisfiable (i.e., to extract small unsatisfiable cores).

We believe our trimmer could also be adapted to support
work on proof skeletons, which have been proposed for
decreasing proof logging overhead [34], [77]. The idea is to
initially produce a proof sketch (with gaps). Trimming can
then identify which parts of this sketch are needed, after which
a second pass can fill in the missing intermediate steps.

A final, important, direction for future work is trimming
of very large proofs. Our current trimmer reads and stores the
whole proof in memory. To trim large proof files in a streaming
fashion, the proof format would need to support even more
precise annotations to make it possible to recover all required
proof details during a backward pass through the proof.
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