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—— Abstract

Pseudo-Boolean proof logging has been used successfully to provide certificates of optimality from a
variety of constraint- and satisifability-style solvers that combine reasoning with a backtracking or
clause-learning search. Another paradigm, occurring in dynamic programming and decision diagram
solving, instead reasons about partial states and possible transitions between them. We describe a
framework for generating clean and efficient pseudo-Boolean proofs for these kinds of algorithm, and
use it to produce certifying algorithms for knapsack, longest path, and interval scheduling. Because
we use a common proof system, we can also reason about hybrid solving algorithms: we demonstrate
this by providing proof logging for a dynamic programming based knapsack propagator inside a
constraint programming solver.
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Theory and Practice of SAT and Combinatorial Solving and 23261 SAT Encodings and Beyond.

1 Introduction

It is sometimes vital that combinatorial solving algorithm implementations can be trusted to
give correct answers. To this end, when claiming that a problem has no solution, Boolean
satisfiability (SAT) solvers do not just assert unsatisfiability, but also provide an independently
verifiable proof of this fact, in one of several standard formats such as DRAT [20, 19, 35],
LRAT [10], or VeriPB [13]. The proof can then be inspected by a formally verified proof
checker to assert its correctness. This means the algorithm is certifying [28]: while we still
cannot trust that the implementation is correct, this does guarantee that if it ever gives an
incorrect answer, then we can detect it.

Of the above proof formats, VeriPB is the most general-purpose: as well as supporting
advanced SAT-solving techniques such as parity reasoning [18], symmetry and dominance
breaking [4], and MaxSAT optimisation [1], it has also been used for subgraph-finding
algorithms [16, 14, 15] and for constraint programming with a variety of global constraints
[17, 29]. In these latter settings, a VeriPB proof resembles a description of a backtracking
search tree, interleaved with justifications of facts obtained from inference algorithms or
constraint propagation. However, the VeriPB proof format has no direct notion of a search
tree. Instead, its underlying proof system is powerful enough to express implicational
reasoning. In particular, constraints may be reified and dereified, and if some fact can be
derived, it can also be derived under a sequence of guesses with (almost) no additional
effort. This is in contrast to, e.g., the VIPR proof format [8], which was designed specifically
for mixed integer programming and which has explicit notions of assumptions and closing
branches that function independently from other proof rules. An advantage of a sufficiently
powerful proof system that does not have a direct notion of search is that techniques like
restarts [16] and autotabulation [17] can be encoded without needing additions to the proof
system.

However, there are non-search-based ways of solving hard problems. Both dynamic
programming and decision diagram algorithms can be viewed as working with partial states,
and transitions between those states [22, 3]. In this work, we show that VeriPB can also
be used for efficient proof logging for algorithms that work with states and transitions,
rather than search, regardless of whether the algorithm uses memoisation, a matrix, or a
layer-by-layer construction. This is primarily because the pseudo-Boolean constraints and
extended cutting planes proof system underlying VeriPB makes it very clean to work with
implications.

Using a common system, rather than inventing a new proof system for dynamic pro-
gramming proofs, has several benefits: it allows us to reason about hybrid or nested solving
strategies that use more than one kind of algorithm, it avoids the need to reinvent proof
logging for various kinds of constraint and dominance reasoning, and it gives us immediate
access to a suite of proof checking tools which would otherwise be expensive to recreate.
To illustrate this, we have implemented proof logging for a knapsack constraint inside a
constraint programming solver, whose propagator involves reasoning about paths through
a dynamic programming table or decision diagram to detect loss of support for values in
constraint programming variables [34].
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2 Background

Before we can talk about proofs for dynamic programming problems, we give a brief overview
of the VeriPB proof system, and outline how it has been used to generate proofs for
backtracking search algorithms.

2.1 Pseudo-Boolean Preliminaries

Although designed to support many different kinds of solvers, the foundations of the VeriPB
proof system are Boolean variables and pseudo-Boolean constraints. Let x; be a set of
Boolean variables ranging over 0 (false) and 1 (true). We write T; to mean 1 — x; (i.e. not
x), and refer to z; and T; as literals. A pseudo-Boolean (PB) constraint over literals ¢; is
an inequality in the form ), ¢;¢; >1 A, where < is either > or < and ¢; and A are integer
constants. A PB constraint can always be rewritten in normalised form ), c;¢; > A with all
literals over distinct variables and all ¢; and A non-negative, and when describing the proof
system we will assume constraints are normalised. A PB optimisation problem is a set of PB
constraints, together with an objective >", ¢;¢; to be minimised.

Let C' =3, cil; > Abe a PB constraint, and y and y; be distinct literals. We define C to
mean ), ¢;l; < A—1; \jy; = Ctomean } , Ky, 43, ¢;il; > Awhere K = A=}, min(c;, 0);
and y < C to mean the pair of PB constraints y = C and 5 = C. It is easy to check that
the constraints defined in this way have the meaning suggested by the notation used. Note
how, unlike for Boolean formulae in conjunctive normal form (CNF), full reification of a
pseudo-Boolean constraint by a literal requires only a pair of constraints.

2.2 The VeriPB Proof System

In a VeriPB proof, we begin with a set of pseudo-Boolean constraints as input—these are
assumed, as axioms, and so they must accurately describe the high-level problem being
solved. A proof is then a sequence of pseudo-Boolean constraints, where each new constraint
follows either obviously or by explicit construction from the input and any other constraints
already derived, in such a way that at least one optimal solution is always preserved.
When proof steps consist of explicit constructions, they are given as a sequence of
cutting planes steps [7], as follows. For any literal ¢;, we may freely introduce a constraint
¢; > 0. Given two constraints ), a;¢; > A and ), b;¢; > B, we may add them together to
derive )", (a; + b;)l; > A+ B. We may also multiply by a positive integer constant ¢, to get
> cail; > cA, or (assuming normalised form) divide to get -, [%]¢; > [£]. Finally, we can
saturate, turning (again assuming normalised form) ). a;¢; > A into ), min (a;, A) £; > A.
A clausal constraint, or clause, is one of the form ) ¢; > 1. This corresponds naturally
to a Boolean clause in CNF. By resolution, we mean deriving ) . x; + Zj y; > 1 from the
clauses r+3% . x; > 1and 7+ ) Y=L this may be achieved by adding the constraints and
then saturating [21]. In particular, resolution allows us to take the clauses r = >, x; > 1
and r+ >, y; > 1 and derive } ; x; + 3, y; > 1. Proof steps such as this that involve
implications are generally straightforward in cutting planes: for example, if we have both
r= Y .a;x; > Aand s = r, we may easily derive that s = >, a;,z; > A by multiplication
and then addition. As a special case of this, if we have established that the left hand side of
an implication must be true, then we can dereify the implication and derive its right hand
side unconditionally. Another useful fact, which we use repeatedly throughout this work, is
that if we have a process for deriving a constraint D from a set of constraints C;, then we can
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reuse this process to derive a reified version of D if we are given a set of reified constraints
C!; we explain this in detail in the appendix.

An alternative to cutting planes steps is to allow the proof verifier to add constraints that
are obvious enough that they do not require an explicit derivation. A constraint C' follows by
reverse unit propagation (RUP) if adding C' to the existing set of constraints leads immediately
to contradiction upon achieving integer bounds consistency for each constraint individually
[9]. Obviously such constraints are implied, and this condition can be verified efficiently, so a
RUP constraint may safely be added as a proof step. (The term unit propagation is used
due to the SAT origins of proof logging [12]; if all constraints are clauses, integer bounds
consistency and unit propagation are equivalent.) As with cutting planes proofs, RUP proof
procedures can trivially be modified to work subject to reifications.

The VeriPB proof system also has a non-implicational strengthening rule [4]. We do
not use the full generality of the rule in this paper, but will use it as an extension rule.
An extension variable z reifying an arbitrary PB constraint C' is a variable which has not
previously been used, which is introduced in a proof alongside the pair of constraints z < C|
the strengthening rule can be used to introduce an extension variable in this way. We
will also use strengthening to implement fusion resolution: given r = Y . a;xz; > A and
T = >, a;x; > A, strengthening lets us derive that ), a;z; > min(A4, A").

A proof of unsatisfiability ends by deriving 0 > 1. For an optimisation problem with
objective expression ), ¢;¢;, a VeriPB proof will conclude by demonstrating that the objective
lies between two integer lower and upper bounds—for an exact solution, these will be the
same. To do this, a proof step may witness a solution by giving a partial assignment to
variables. The proof checker verifies that this assignment unit propagates to a complete
feasible assignment to all variables, and then introduces a new objective-improving constraint
> cili < A—1 where A is the calculated objective value from the assignment.

Finally, we may also delete derived constraints, under certain conditions. This will lower
the amount of memory required to verify the proof, as well as potentially speeding up
verification of RUP and strengthening steps. For soundness reasons, there are restrictions on
when constraints may be deleted (e.g. to prevent us from deleting every constraint in the
input and then claiming an optimal solution with zero cost) [4], but for the techniques used
in this paper, the verifier will allow us to delete any constraint we introduce, as well as any
extension variable by deleting its two defining constraints.

2.3 A Framework for Proofs for Backtracking Search

For a very simple backtracking search algorithm, a proof could consist of a RUP statement
for every backtrack, asserting that at least one of the guessed assignments must be false.
Alternatively, if we are using conflict-driven clause learning (CDCL), a proof consists of a
RUP step for every learned clause in turn. This applies to proofs using either DRAT or
VeriPB. However, this is only possible if every fact used by the search algorithm follows
by integer bounds consistency on the PB representation of the problem (or, for DRAT,
from unit propagation on the CNF representation). This would suffice, e.g. for conventional
DPLL or CDCL SAT solvers, but does not work if we have stronger propagation or inference
algorithms such as domain-consistent all-different. In this case, it is necessary to help the
proof checker by interleaving additional steps within the proof [17]. The nature of these
steps depends upon the inference being performed, and can involve additional RUP steps
or (in VeriPB proofs only) explicit cutting planes steps. The aim here is to ensure that
any fact “known” to the solving algorithm is also visible to the proof checker under unit
propagation. Crucially, using PB proofs does not mean that the solving algorithm is in any
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way a PB solver, nor does it need to employ any cutting planes reasoning to be able to write
cutting planes proof steps. Instead, most solvers that write VeriPB proofs are conventional
algorithms that have subsequently been augmented with, effectively, template-based print
statements.

Although variations on this technique are suitable for various forms of backtracking search,
including with backjumping and restarts, this framework does not extend to being able to
cover dynamic programming algorithms, which have a very different notion of a search space.
The remainder of this paper explores a different framework, where the structure of VeriPB
proofs represent how dynamic programming algorithms run.

3 Proofs Involving States and Transitions

The key idea we will use for the proofs in this paper is to introduce an extension variable
for each entry in a dynamic programming matrix, or for each node in a memoised recursive
search tree or a top-down decision diagram construction. Each of these extension variables
will reify the conjunction of several other extension variables, representing different parts of
the state. We will then build up implication constraints between these extension variables
that reflect the way entries in the matrix are derived, the recursive call structure, or the edges
in the decision diagram. We will additionally build up a series of at-least-one constraints,
demonstrating that the structure we have created is complete. We finish by using the
at-least-one constraint over the final row of the matrix, or the final non-terminal layer of the
decision diagram, to prove the conclusion.

So far, this idea is not unique to VeriPB proofs. The DRAT proof system also has
an extension rule, and indeed Sinz and Biere [31], Jussila et al. [23] and Bryant [6] have
constructed DRAT proofs for binary decision diagram solvers using extension variables in a
similar but more restricted way. However, using VeriPB has many theoretical and practical
benefits when we look at more complex problems. For example, counting problems like
pigeonhole have direct proofs in VeriPB that scale trivially to arbitrarily large numbers of
pigeons, and do not require decision diagram structures for some semblance of efficiency.
Similarly, cutting planes allows us to work efficiently with reified integer linear inequalities
without requiring complex and inefficient adder and multiplier circuits. VeriPB also supports
optimisation problems, whereas the DRAT proof system only guarantees that satisfiable
instances cannot be made unsatisfiable, and would not be sound if used for optimisation
problems. Since we are looking to bring proof logging to a broader range of algorithms that
solve problems far beyond the reach of SAT solving, we will work exclusively with VeriPB.

3.1 Knapsack as a Dynamic Programming Problem

We will first illustrate how to create proofs for simple 0/1 knapsack problems. We are given
n items with weights w; and profits p,, and we want to maximise profit whilst not taking
items with a combined weight more than some constant W. For simplicity, we assume that
all weights and profits are non-negative integers. We can express this as the PB problem

z; € {0,1} ie{l,...,n} (1)
minimise Z —p;x; (2)
i=1

subject to Z’wzl”v <w, (3)
i1
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recalling the convention that PB problems have an objective function to be minimised rather
than maximised. Note already that this PB representation is extremely straightforward, and
does not involve constructing adder and multiplier circuits as it would if we used a CNF
encoding.

This problem has a recursive formulation. Letting P(i,w) be the maximum profit
obtainable after taking the first ¢ items whilst having weight w still available to use, we have
the properties

P(0,w) =0 (4)
P(i,w) = max{ (5)
PG —1,w), (6)
P(i—1,w—w;)+p,; if w; <w}. (7)

Here, Equation (4) gives the initial condition that there is zero profit from taking no
items, regardless of weight; Equation (6) describes the option where we do not take item ¢;
Equation (7) describes the option where we do take item 4 if we are allowed to; and the max
operator in Equation (5) says that if we have two partial sums over the first 7 items both
using weight W — w then we need only consider the one which gives us the better profit.

This relation does not directly give us an algorithm. However, there are several stand-
ard ways of turning such a recurrence relationship into an algorithm, including dynamic
programming via a matrix built iteratively over weights; using recursion with memoisation;
or constructing a decision diagram layer by layer from the root downwards [22, 32]. From
an algorithm implementation perspective, the choice of methods can be very important;
however, for proof logging, the approach we describe works equally well for all three methods.
The important points are simply that

1. the algorithm somehow avoids calculating the same partial sums twice;
2. not all partial sums of weights and profits are necessarily calculated; and

3. there is some way of handling “dominated” states, such as the maximum operation in
Equation (5).

For ease of explanation, and because it allows the widest range of techniques to be demon-
strated, we will assume a layer-by-layer construction, starting by considering whether or not
we take the first item, and then building this up to decide what combination of the first two
items we will take, and then the first three items, and so on. Within layer ¢, we will consider
every possible partial sum of the first ¢ weights that does not already exceed our bound
W, and associate that with the maximum possible partial sum of profits using exactly that
weight. We call this information a state, no matter whether it is implemented as a node in a
decision diagram, a memoised function call, or an entry in a matrix. We call partial sums of
either weights or profits partial states, and view the full state as being the conjunction of
partial weight and profit states.

The idea behind our VeriPB proof is that we will introduce an extension variable S};j’p
for each state on layer ¢ with partial sum of weights w and partial sum of profits p. For
convenience, we will also introduce these variables for states that will be ignored due to the
maximum rule. Recall that an extension variable is introduced by reifying a constraint; in
our case, this constraint will be

Sty p e Wi

w,p w

+P.>2 (8)
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where Wy, and P, are themselves also extension variables,

Wi < ijwj > w and (9)
j=1

Pj > p; <p. (10)
j=1

In other words, Sfu’p is defined to be true if and only if the sum of the taken weights for the
first 4 items is at least w, and the sum of the taken profits for the first ¢ items is at most p.
The reason for this choice of inequalities will become evident when we look at the maximum
rule.

Merely introducing extension variables tells us nothing about which states could actually
occur. The remainder of the proof consists of deriving implicational relationships between
extension variables (which correspond to edges in a decision diagram), and then in proving
that each layer is complete (that is, that we have an extension variable for every possible
state that has not been eliminated).

The first set of implications that we derive correspond to deciding not to take item x;.
We in turn derive

Wit Az = W using a cutting planes addition rule, and then (11)
PUAT; = P, similarly, and finally (12)
Sos ATy = St follows by RUP. (13)

For the base case, the first part of the conjunction is trivially true and is instead omitted,
whilst for subsequent layers we will already have created the earlier extension variables, either
due to the algorithm’s layer-by-layer construction, or iteration, or recursion.

Next, suppose we cannot take item i due to the partial sum of weights exceeding W
(recalling that for simplicity, we are forbidding negative weights). If this is the case, we derive

Wit = using cutting planes and RUP, and then (14)
S =T and (15)
Sy =S both follow by RUP. (16)

This cutting planes addition step is between the forward implication constraint defining Wi 1,
and the constraint giving the bound on W that is part of the input axiom. Because none of
the remaining weight coeflicients are negative, a simple bounds consistency calculation shows
that if we have used too much weight already by layer i then there is no way of assigning the
remaining x; variables that will bring our weight sum back to be no more than W.

Finally, suppose we can take item 7. Letting w’ = w + w; and p’ = p + p, be our new
weights and profits respectively, we instead derive

Wit ANwy = WL, using cutting planes, and (17)
Pt Axi = By similarly, then (18)

i—1 i
Swp /\. x; = Sw,’p, | follows by RUP, as does (19)
Sfﬂfz} = Syp T Su =1 (20)

Until this point, we have been ignoring the maximum rule. If we have two states on the
same layer with the same w, and one with profit p and another with profit p’ > p, we will
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derive that
Sty = Sty pr- (21)

What this implication means is, “if there is an assignment to the first ¢ x; variables where the
weight sums to at least w and the profit to no more than p, then there is an assignment where
the weight sums to at least w and the profit sums to no more than some larger profit p’”. This
is almost vacuous, and can easily be proved in cutting planes by unwrapping the conjunctions.
In fact, in our proofs we can also do this for a distinct pair of states Sfu,p = Si}/7p, where
w’ < w and p’ > p; this can be detected efficiently in a layer-by-layer algorithm, but not so
easily with other approaches.

Now we have described the relationship between states on the same and subsequent layers.
The last part of the structure of our proof consists in deriving an at-least-one constraint over
the final layer, asserting that our diagram is complete. Again, we make use of an inductive
argument, by first deriving at-least-one constraints over the first layer, then the second layer,
and so on. This is a simple sequence of resolution steps: given

> Sit>1 (22)

(w,p) on layer i—1

we may resolve every variable on

Sip = Sup from Equation (16), or
Sf;f,pl = SZ},,p + Sf,,gp/ >1 from Equation (20)

to derive the desired

Z Sfum > 1. (23)

(w,p) on layer %

This sets us up to provide a conclusion for our proof. Our algorithm execution will have
solved the problem at this point, so we know an optimal assignment with profit P* that
we can use to obtain a solution-improving constraint ), —p;x; < —P* — 1. This in turn
contradicts each component of Equation (23), showing unsatisfiability.

To bring this together, we illustrate one way of implementing a proof-logging knapsack
solving algorithm in Algorithm 1. We stress, however, that the techniques we have described
are not in any way tied to this particular algorithm design. In particular, the same proof
framework can be used for matrix-based dynamic programming where each weight is con-
sidered in turn, as well as for recursion with memoisation. For a matrix, more states will be
created, both in the solving algorithm and in the proof, whilst for recursion the states will be
constructed in an order corresponding to the recursive search execution, rather than layer by
layer. Similarly, although we chose to apply (a more general version of) the maximum rule as
a single pass at the end of constructing each layer, we could instead derive the appropriate
implication whenever the maximum rule is used.

Until this point, we have not discussed deletions. To save memory, matrix and decision
diagram approaches to dynamic programming sometimes need only keep the current and
previous layers (or columns). We can do this in our proof too: when we start building layer
i > 3, we can tell the proof verifier that we promise we will no longer need to access any
constraint and extension variable defined in layer ¢ — 2, and so these constraints may now be
deleted. This will help the proof verifier use less memory, and can also speed up verification—
proof steps using RUP or that introduce extension variables are not, strictly speaking, of
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Algorithm 1 One way of solving the knapsack problem, with proof logging, using a layer-by-layer
decision diagram style construction.

S0 {58,0}
fori<1...ndo // i.e. for each layer in turn
for all Sfu,p € S~ ! do // i.e. for each state in the previous layer

Extend W} < Zj.:l wjz; > w, Pl & 22:1 p;x; < p, and then
S p & Wy, A Py if they do not already exist
// Consider not taking item i
St 5TuU{S; )
Derive Wit AZ; = W/, and P,~' AT; = P} by cutting planes addition, then

SiTUAT; = S5 by RUP

// Now see whether we could take item i

if w+w; > W then // We cannot take item i
‘ Derive W/ = T; by addition, then S*~' = Z; and S}, = S, , by RUP
else // We could take item i

Let (w',p') = (w +wi,p+ p;) ,

Extend Wi, < Djo wiTy > Pl & 375 pyaj <p', and then
, S;,,p, & W A Py, if they do not already exist

St S ULSE, )

Derive Wi~ Aw; = W, and P,~' Az; = P, by addition, then

L ' Sia Nxi = S and Sty = SL,V Sy p by RUP

for all 5, , € S* that is dominated by some other S}, , do

Dprivc wa:v = Sfu,,p, by unwrapping

Csiesi (s,

Derive Y S > 1 by resolving on each variable in > §*71 > 1

Delete every constraint created on layer S%~!

if S™ is empty then
Conclude infeasibility
else
Log how we obtain the state with the best profit
Derive that every Sy, , contradicts the solution-improving constraint
Conclude optimality

constant complexity to verify in the worst case; we return to this in Section 4. With this
caveat aside, the proofs we have written are efficient, in that we write effectively only a
constant amount of data in the proof for each computation carried out by the algorithm.

3.2 A General Framework

In the same way that interleaving inference and backtrack constraints gives a general

framework for proof logging for backtracking search algorithms, we are now in a position to

describe how to generate proofs for dynamic programming and decision diagram algorithms.

For a given problem and solving algorithm, we need to be able to do seven things.

1. Represent the problem as a set of PB inequalities and a PB objective to minimise.

2. Generate an extension variable for each new state, as it is encountered (whether that state
is a node, a matrix entry, or a memoised recursive call). This is also done for infeasible
states.
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3. Generate an implication constraint S’ A ¢ = S linking each new state S to its predecessor
S’, showing that if we were in state S’ and we choose a given condition ¢, then we arrive
at this new state.

4. For any state S that is infeasible, generate a proof S = L that being in this state implies
contradiction. (In practice, this can sometimes be combined into the previous step instead,
as we did in Equation (16).)

5. For any state S that is dominated, subsumed, or similar by a better state S’, generate a
proof that S = S’.

6. Show that we have considered every feasible state on a layer, or generated a complete
column in a matrix, by creating an at-least-one constraint over the extension variables.

7. Derive a conclusion using the at-least-one constraint over the final layer or column.

The first requirement is generally straightforward, since the representation only needs to
be correct, not useful for solving purposes. However, note that this means that our starting
point is a problem, not an algorithm or a recurrence relation for solving that problem: we
are certifying solutions that are found using dynamic programming, rather than specifically
certifying the execution of a dynamic program. Ideally, this representation step should
generally be carried out independently of how we then decide to go on and find a solution.

For the second requirement, we need to ask what kinds of state can be represented using
extension variables in a VeriPB proof. For knapsack, the states represented a conjunction of
pseudo-Boolean inequalities. However, this technique is much more general. For example,
Bergman et al. [2] give an example of a decision diagram solver where states represent sets of
vertices from a graph: these can be represented as conjunctions of Boolean variables, using a
pair of reified inequalities to express a reified equality constraint. Similarly, we can reuse
the encoding described by Gocht et al. [17] to represent anything that could be described in
constraint programming terms using integer variables. It is not so obvious how to represent
rational or real numbers in VeriPB, although in some circumstances these could be handled
by scaling.

For the third requirement, if our conditions and states correspond cleanly to sets of
Boolean variables then this is trivial: we are simply extending a set of inequalities by adding
in additional fixed variables. For the fourth requirement, this may also be trivial, or we may
need to reuse the constraint programming techniques of Gocht et al. [17] to show that a
given partial state is infeasible. The sixth requirement needs only that we can show that
we have indeed considered every possibility moving between layers or columns—for Boolean
variables, this is immediate, whilst for encoded integer variables we can make use of the
at-least-one constraint over each option. The seventh requirement comes down to showing
that, given an optimal full state S and a suboptimal full state S’, S’ does not beat S—this
should follow naturally from the objective function. For each of these requirements, we rely
heavily upon the ability to cleanly wrap and unwrap reified constraints, and to reason as if
reifications were not present using the technique described in Theorem 1 in the appendix.
It is worth stressing that these properties, and the resulting ease of producing this kind of
proof, are a specific characteristic of extended cutting planes, and they do not hold for many
other proof systems.

This leaves the fifth requirement, being able to reason about dominated states. This
potentially requires more creativity—and this should not be surprising, since alongside
tracking states, merging states is the other feature which distinguishes dynamic programming
style algorithms from backtracking search. Fortunately, the VeriPB proof system provides us
with a suite of tools for these scenarios. In many cases, fusion resolution under implications
(which, given sAr = >~ a;x; > Aand SAT = ), a;x; > A’ lets us infer that s = >, a;x; >
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min(A4, A’) by resolving away the r) is sufficient, but VeriPB’s strengthening rule also allows
sophisticated symmetry and dominance arguments [4].

At least so long as we are working with Booleans and integers, we have found this
framework to be powerful enough for a wide range of problems. For example, weighted
interval scheduling problems [25] have a natural recursive formulation using a maximum

operation and sums, and dynamic programming gives a polynomial time solving algorithm.

Proof logging for this problem is simpler than knapsack: the states are a simple sum, rather
than a conjunction of sums.
Or, suppose we want to find the longest path in a directed acyclic graph. This also has

a simple dynamic programming formulation, where nodes are visited in topological order.

The longest path ending at a given node is then calculated by looking at each predecessor
node and adding its longest path cost to the cost of its edge to our given node, and taking
the maximum of these costs. In this case, our proof would use the costs as state variables,
and rather than having two options at each transition, would be selecting between one
option per incoming edge on the node. Note also that the proof process implicitly checks the
correctness of the topological sort: if either the implementation were faulty, or the concept
mathematically flawed (e.g. if we tried to do this in a graph with cycles), then the proof
process would fail.

Of course, this does not mean that we can provide efficient proof logging for every dynamic
programming or decision diagram algorithm that might ever be invented, just as it would
not be reasonable to claim that efficient proof logging is definitely possible for every single
backtracking search algorithm—for example, we do not yet know whether it is practically
feasible to reason about real or floating point numbers in VeriPB. Nor does this automate
the process of adding proof logging to a solver. However, in the same way that the framework
of interleaving RUP backtracking steps with explicit derivations for reasoning has vastly
simplified adding proof logging to a wide range of search algorithms, we can say that these
techniques will vastly reduce the conceptual and implementation hurdles required to use
proof logging for state- and transition-based algorithms.

3.3 Khnapsack as a Constraint

We return now to knapsack, but in a more general setting. As well as being an interesting
stand-alone problem, knapsack appears as a constraint in some constraint programming
toolkits. Trick [34] describes a propagator for a single 0/1 integer linear inequality where the
sum is a variable, whilst Fahle and Sellmann [11], Sellmann [30], Katriel et al. [24], Malitsky
et al. [27], and Malitsky et al. [26] work on exactly two integer linear equalities that sum
to two different variables, and do not restrict to 0/1 variables for the items. MiniZinc also

defines the constraint this way [33], whilst XCSP? [5] allows for more than two inequalities.

In all cases, the multiplier vector(s) are integer constants—sometimes these are required to
be non-negative.

Propagators based upon Trick’s approach can achieve either bounds or domain consistency
on the sum variables, as well as domain consistency on the item variables. This is done by
building a decision diagram, and then, by working from the final layer and moving backwards,
deleting any nodes and edges that do not lead to a feasible state; what remains is a diagram
where every path from the first layer to the final layer corresponds to a solution to the
constraint. Once this is built, on some layers there may only be edges corresponding to the
layer’s item being accepted, or only edges corresponding to the layer’s item being rejected;
in this case, the associated item variable is forced.

Gocht et al. [17] described a framework for proof logging for constraint programming

11
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solvers using VeriPB. This framework supports integer variables, and a number of global
constraints, including integer linear inequalities. To add a new constraint propagator to
this framework, we must have two things. Firstly, we must be able to express the semantics
of the constraint in PB form—this is trivial, because integer linear inequalities are already
supported. Secondly, we must have a way of justifying all reasoning that can be carried
out by its propagator. This will follow a similar pattern to proof logging for a standalone
knapsack solver, but with different states and a more complicated conclusion.

For a standalone knapsack solver, recall that our states Sfﬂyp represented that the partial
sum of the first ¢ items has weight at least w, and profit at most p. For a constraint, we
instead want to track states that have weight exactly w, and profit exactly p. To do this, we
can introduce the four extension variables

WTZU = ijxj >w W\LZH = ijxj <w (24)
j=1 j=1

Pt Y pa;>p Pl paj<p (25)
j=1 j=1

which allow us to define

Si, e W + WL + Pt + PLY > 4. (26)
When building the structure of the proof, there are five differences.

1. We must construct implications for all four partial states, rather than just two.

2. We must bear in mind that we might be inside a backtracking search, and so some of
the information we have about variables might be conditional. Fortunately this is not
a concern: recall that any RUP or cutting planes proof can trivially and efficiently be
extended to operate under assumptions.

3. We might be dealing with constraint programming variables whose domains are not
0/1. This means there may be more than two edges coming out of a state. To derive
the implications for partial sums, we follow Gocht et al’s approach of introducing
direct variables as required, and then we use an additional cutting planes multiplication
operation. We must also take care when deriving the at-least-one constraint over each
layer, because this relies upon exhaustively branching. Again, this is dealt with by Gocht
et al’s framework, which allows us to obtain an at-most-one constraint for any constraint
programming variable’s values.

4. We may now only merge states with exact matches on weights and profits. This is true
both algorithmically and in proof terms—reassuringly, if we were to forget this condition
when implementing the propagation algorithm, we would quickly find it impossible to
construct the appropriate implication steps in the proof.

5. We cannot delete intermediate layers as we go: we want to reason about the diagram as a
whole, so it stands to reason that the structure of the diagram must remain in the proof.
However, we can delete every intermediate constraint once the conclusions are derived.

Rather than establishing a proof of optimality, a knapsack propagator’s proof aims to
show lack of support for some variables’ values. By looking at the possible weights and
profits on the final layer of the decision diagram, we can recognise that either some bounds
or some specific values are unsupported by the constraint; we can derive these facts inside a
proof by resolving over the at-least-one constraint on the final layer. This gives us either
bounds or domain consistency on the sum variables, as we prefer.
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490 The backwards pass, which shows lack of support on the item values, is also straightforward—
w1 since our propagation algorithm works backwards from the final layer, eliminating infeasible
w2 mnodes, it is sufficient to use RUP steps to show that the corresponding states must be false.
w3 Once this has been done, eliminating values from item variables also follows by RUP. This
w0 closely resembles the steps used by Mcllree and McCreesh [29] to generate proofs from
w5 propagations for the regular language membership constraint.

« 4  Implementations and Evaluation

w7 Before presenting the results of our empirical evaluation, it is important to ask what the
ws purpose of such an evaluation should be. Rather than trying to implement the world’s fastest
w9 dynamic programming algorithms or propagators, or even to tell you when to use these
s0 techniques, the main aim of this paper is to demonstrate that if you choose to use these
s techniques, then certifying correctness using pseudo-Boolean proof logging is viable. To
s show this, we have implemented! stand-alone solvers for three problems: knapsack, longest
s path in a directed acyclic graph, and interval scheduling. For knapsack, we implemented
s0  both top-down and matrix-based algorithms, whilst for the other two problems we used
ss  only a matrix. With the aim of the paper in mind, our key measure of success from these
s0  implementations is that we were able to add proof logging to each solver simply by adding
sv in statements to log information that was already present, without needing to extend or
ss  change the underlying algorithm. To validate our implementations, we tested them on a
so0  large number of randomly generated instances and were able to verify every proof produced.
510 Our proofs in each case are generated efficiently, having cost and length roughly linear in
su  the amount of work done by the solver. However, the constant factor slowdown needed to
si2 - write these proofs to disk is potentially large. Creating a new entry in a dynamic programming
s table for a problem such as knapsack can be extremely fast, requiring only a few additions,
sia - comparisons, and memory accesses. However, to justify an entry and the transition leading
si5 to it, we need to write several lines of text to a file. For an efficiently implemented algorithm,
sis this can easily lead to more than an order of magnitude slowdown. This is much worse than
si7 for, e.g. SAT solving, because a CDCL solver does much more computation per proof step
sis than a simple knapsack algorithm.

519 But what about proof verification time—is that also roughly linear in proof size? This
s0 turns out to be a more complex question. When using only explicit cutting planes derivations,
s we would expect the cost of verifying each proof step to depend only upon the number
s of operations. However, verifying reverse unit propagation or strengthening steps requires
53 achieving bounds consistency over the active set of inequalities, which is not a constant-time
s operation. In the top line of Figure 1 we show the verification times required for 1,200
ss  randomly generated knapsack problem instances with between 10 and 250 items, with random
s weights and profits both between 1 and 10, and a maximum weight of between 50 and 1000,
sv - solved using the top-down approach. (These parameters were selected to give instances where
ss  dynamic programming is a good choice of solving technique, so that we can measure the
s scalability of proof verification: we are trying to challenge the proof verifier, not the solver.)
s We measure verification time as a function of the number of states plus transitions required
53 to solve each instance, since this is in effect “the amount of work” the solver took to solve an
s instance. The fit line suggests that verification scales worse than linearly, but better than
533 quadratically.

! https://doi.org/10.5281/zenodo. 12574620
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Figure 1 Verification times for knapsack problem instances with between 10 and 250 items (shown
using colour). The power law fit lines show the original proof and the rewritten kernel proof times,
plotted against the number of states plus transitions required to solve the instance.

Similarly to how DRAT proofs can be converted to LRAT proofs, VeriPB is able to rewrite
proofs into a simplified “kernel format” that does not require any propagations to verify:
reverse unit propagation steps are rewritten to cutting planes derivations, and strengthening
rule applications are also given explicit cutting planes subproofs for each proof goal [15].
Carrying out this simplification is not computationally more expensive than verifying the
proof, and introduces only a small additional slowdown for outputting the rewritten proof to
disk. In Figure 1 we also plot the time taken to verify these rewritten proofs, achieving the
lower line. Now, the power law fit line suggests that verification time scales extremely close
to linearly with proof size, with a verification rate of a little below a thousand states and
transitions per second (which we expect to vary considerably based upon hardware and disk
speeds). In principle, solvers could output these kernel proofs directly, avoiding the need for
proof rewriting if an important concern is the initial proof verification time; however, this
would require considerably more work from solver authors.

Finally, we have also implemented the knapsack constraint inside the Glasgow Constraint
Solver, using a top-down construction. Our implementation supports arbitrarily many
simultaneous inequalities, and is not restricted to 0/1 variables. It achieves domain consistency
on every variable. Again, we were able to do this without having to restrict or alter the
underlying propagation algorithm: VeriPB proofs are powerful enough to conveniently express
the reasoning we wanted to carry out, and we did not have to design an algorithm specifically
to make proof logging possible. To validate the implementation, we used the same system as
other constraints in the Glasgow Subgraph Solver, where curated and randomly generated
test data is combined with proof checking inside a continuous integration framework; we
have successfully verified thousands of proofs in this manner. In terms of performance, any
measurements are extremely sensitive to disk write speeds and to details of implementation,
to the extent that using shorter variable names inside proofs can have a significant effect
upon running times. However, to give indicative figures, verifying knapsack propagation
proofs is typically between twenty and fifty times more expensive than producing them; this
is somewhat more expensive than for some other propagators [17, 29|, likely due to the large
number of extension variables used in the proofs.
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5 Conclusion

We have shown that the VeriPB proof system supports convenient and efficient proofs for a
range of dynamic programming algorithms, and that it can do so regardless of whether the
algorithms use a matrix, recursion and memoisation, or a top-down construction, and even
when we are inside a dynamic programming propagator in a constraint programming toolkit.
We saw that the cutting planes proof system makes it both natural and efficient to reason
about reified linear inequalities, whilst extension variables give us the power to describe the
logical relationships between states.

The knapsack propagation example showed how different conclusions could be inferred,
depending upon how states were represented: when solving the knapsack problem directly,
we tracked less information, thus allowing more states to be merged, whilst for constraint
propagation our states were more expressive. This example could be extended further, e.g.
to relaxed and restricted decision diagrams, where we are allowed to violate some constraints
and only achieve a lower or upper bound rather than an exact solution. In such a setting, our
ability to compose proofs and to run proofs conditional upon assumptions or guesses would
be very helpful, since modern decision diagram based solvers can construct many decision
diagrams during the solving process.

An interesting open question is how to extend this work to cover problems where we
want to count solutions, rather than finding an optimal solution. Once a decision diagram
or dynamic programming matrix has been constructed, solution counts are often easily
accessible. However, this property does not immediately transfer through to proofs. In
the same way that DRAT proofs can only be used to reason “without loss of satisfaction”,
VeriPB proofs establish “without loss of optimality”. This means that solutions can be
removed, so long it can be shown that another equally-good-or-better solution exists (for
example, through symmetry or dominance breaking). We believe it is important to give
solver authors the ability to write proofs that correspond precisely to the real-world problem
being solved. As such, we would like to see an appropriate theoretical foundation that will
allow solvers to produce proofs either for optimality reasoning or for counting, with only
minimal changes that reflect the algorithmic differences needed in the two settings. We would
also be interested to know whether VeriPB can reasonably be used to work with rational or
real numbers, either by scaling or more advanced techniques.
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A  Proofs Under Implications

In various pseudo-Boolean (PB) proof logging projects, it has been useful to rely on the
assumption that if we have an efficient proof procedure for deriving a constraint D from a
set of constraints F', then we can convert this into an efficient procedure for deriving R = D
from the set of constraints {R = C : C' € F} for some conjunction of literals R. In this
appendix we formalise and generalise this property, showing that efficient cutting-planes
proofs can be “unrestricted” to construct analogous efficient proofs where the premises and
conclusion are subject to (potentially different) conditions using reification.

A.1 Notation

A (partial) assignment is a (partial) function from variables to {0,1}; we extend an assign-
ment p from variables to literals in the natural way by respecting the meaning of negation,
and for literals ¢ over variables  not in the domain of p, denoted = ¢ dom(p), we use the
convention p(f) = ¢. For notational convenience, we can also view p as the set of literals
{€: p(¢) = 1} assigned true by p. Applying p to a constraint C' =, a;{; > K yields

Cfp = Z ai& Z K - Z Q. (27)

Lizp(i)=Li £i€p(L;)=1

substituting literals as specified by p. We extend this notation to applying assignments to F
in the natural way F[, = Ugoep Clp-

We will write Vars(C), Vars(F), Lits(C') and Lits(F') to denote the sets of variables or
literals appearing in a PB constraint C' or formula F'.
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A.2 Constructing Proofs Under Implications

We can now state our main result in its general form.

» Theorem 1. Let F' be a PB formula over n variables, p be a partial assignment, and suppose
that from F[, we can derive a constraint D using a cutting planes and RUP derivation of
length L. Then we can construct a derivation of length O(n - L) from F of the constraint

/\¢=D. (28)

Lep

In what follows, we assume all constraints are normalised. We will first show the following.

» Lemma 2. For any PB constraint C and partial assignment p, we can always derive
Nee, € = Cl, from C using a cutting planes derivation of length O(| Vars(C)|).

Proof. First, let us write C' as

Sooali+ Y b+ Y alk =K (29)
L;€Lits(C) : L;eLits(C): L €Lits(C):
p(Li)=t p(4;)=1 p(lr)=¢

Then, if we let B = leeLits(C) . bj, we note that C, is the constraint

p(£;)=1
> al;>K-B (30)
L;€Lits(C) :
p(€;)=¢

and s, ¢ = Cl, is the constraint

> (K-B)j+ > (K-B)x+ » alizK-B (31)
L;eLits(C): £y € Lits(C) : L;€Lits(C) :
p(£;)=1 p(£x)=0 p(Li)=¢
To derive Equation (31) from Equation (29) we can proceed as follows.
1. For all j, add the literal axioms amounting to b;¢; > 0 to Equation (29) yielding

Z el + Z al; > K —B (32)
£, €Lits(C) : £;€Lits(C) :
p(lr)=L p(L;)=¢
2. Saturate to ensure that for all k, ¢, < K — B.
3. Add literal axioms ¢; > 0 and ¢; > 0 as needed to obtain Equation (31).
This amounts to at most one weakening step per variable appearing in C', along with one
saturation step, and hence has length O(] Vars(C)|). <

We are now able to prove the main result.

Proof. Let m = (D1,...,Dr = D) be the derivation of D from F[,, and denote by 7, the
set {D1,...,Ds_1} of constraints prior to derivation step s. Each Dy is one of the following:
An axiom (constraint in F'[,).
A literal axiom.
The result of a cutting planes operation, with antecedents in 7.
A RUP constraint with respect to F[, U .
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We will proceed by structural induction on 7 and show that for any D, we can construct a
length O(n - s) derivation that A,.,¢ = Ds from F.

For the base cases, we consider an axiom D, € F[,. We must have some constraint

C € F such that C[, = D,. Hence we can derive C' as an axiom, and then by Lemma 2 we
can derive A, , ¢ = Cl,, i.e. Ay, 0= Do, in O(|Vars(C)[) € O(n) steps. Note that if D,
is instead a literal axiom then A, oL = Dg is also a literal axiom, because the reification
coefficients will all be zero.

Now assume for any non-axiom constraint D; we have already constructed a derivation

of length O(n - (s — 1)) deriving all the constraints in 7/, = {/\Zepﬁ = D;:D; e 775}. We
now consider different cases depending on how Dy was derived in 7.

Case 1: Dy is the result of adding two constraints D;, D; € 7.

Then by assumption A\, o= D;, and AV ,{ = Dj have already been derived. If we let
K; and K; be the degrees of D; and D; respectively, we can write these in the form

> K+ D; (33)
Lep
and
> Kl +D;, (34)
Lep
and so adding these together yields
> (Ki+ K;)t + D, (35)
Lep

If K, is the degree of D,, note that we must have K, < K; 4+ K, since cancellation of
matching literals when adding D; and D; can only reduce the degree of their sum. Hence
if we apply saturation to Equation (35) we obtain Zeep K.+ Dy, ie. /\erf = D,, as
required.

Case 2: Dy is result of multiplying a constraint D; € 7; by a scalar .

Then by assumption A, o { = D; has already been derived, and again we can write this
as

S K+ D; (36)
Lep

where K is the degree of K;. If we multiply this by A we obtain
tep

which is precisely A, o { = Dy, as required.

Case 3: Dy is the result of dividing a constraint D; € 74 by a scalar .

Then again by assumption A, o { = D; has already been derived, and this time we will
write this in full as

SN OKil+Y ail; > K. (38)
tep J

If we divide this by A we obtain
DT/ Tag /AT = [(Ki/A)], (39)
Lep J

which is precisely A,c, ¢ = Ds, as required.
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Case 4: Dy is the result of applying saturation to a constraint D; € 7.
Once again by assumption A, o { = D; has already been derived, and we can write this
in full as above in Equation (38). After applying saturation to this we obtain

Lep J

which is precisely A ,c o ! = D, as required.

Case 5: D; is the result of applying weakening (adding literal axioms) to a constraint
D; € 7.
In this case we can view the added literal axioms as another degree-0 constraint D;, which
we can always derive, and so the fact we can obtain /. pE = Dy follows immediately
from Case 1.

Case 6: D, is a RUP constraint.
Write Dy =) . a;l; > K and let A=), a;. Then /\éepf = Dy is the constraint

S K+ aili > K, (41)
lep %

and its negation is

STKC+Y aili > A+1+(lp| - VK. (42)

Lep %

We can see that for Equation (42) to be satisfied, all the reification literals £ € p must be
set to true. Recalling that all constraints in 7, = { A tep {=D;:D;e 7'('3} are all assumed
to have been previously derived, we can see that performing unit propagation will reduce

constraints in ' U, U=(/A\,c,?¢ = D) to be precisely the constraints in F'[, Ums U-D.

Since by assumption deriving D, from F'[, U ms by RUP was a legitimate derivation step,

continued unit propagation on the constraint database must result in a contradiction.

Hence we can derive A\,.,¢ = D from F'U, as a single RUP step.

In all of these cases, we only need a constant number (at most two) proof steps, to
derive A\, oL = Ds, from what was assumed to already be derived, and so by starting from
the axioms and applying induction we can construct a derivation which includes all of the
constraints in 7} = {/\ZEp {=D,;:D,;¢c 7r} and in particular our desired /\Zepﬁ = Dy.

Since each of the L constraints in 77 requires at most O(n) intermediate derivation steps,
our constructed derivation has length at most O(n - L). <

With Theorem 1 established we easily obtain the following useful corollary.

» Corollary 3. Let F' be a PB formula over n variables and let R be a set of literals over
distinct variables not appearing in F (i.e. for any £ € R, { ¢ R and ¢ ¢ Lits(F)). Then let
R(F) be a set of reified constraints {Rc = C : C € F}, where each reifying term Rc is a
conjunction of literals in R.

Then, if we can derive a constraint D from F using a cutting planes and RUP derivation
of length L, we can construct a derivation of length O(L-n) of the constraint A\ .p Rc = D
from R(F).

Proof. Take the partial assignment p setting £ = 1 for each £ € R and apply Theorem 1. <«

Finally, we conclude with a closer look at when the O(n - L) worst case in Theorem 1 will
actually occur.
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» Observation 4. In practice, we can often consider the length of the constructed derivation
in Theorem 1 to be O(L) rather than O(n - L). This is because the O(n) overhead occurs
only in the base case when transforming an axiom from the initial formula to the required
form by adding literal axioms (n in the worst case) and saturating as described in Lemma 2.
We can achieve the same transformation in O(1) steps when a syntactic implication rule is
implemented, as is the case for the VeriPB proof checker. This automatically checks that
literal azioms can be added to a previously derived constraint to obtain a specified constraint.
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